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Artificial Neural Networks

Notation
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A feature. An observed or measured value.
A vector of D features.

The number of dimensions for the vector X
Training samples for learning.

The number of training samples.
the activation output of the j" neuron of the /™ layer.

the weight from unit i of layer /-1 to the unit j of layer /.

bias for unit j of layer /.

A learning rate. Typically very small (0.01). Can be variable.
The number of layers in the network.

Output Error of the network for the m"” training sample

Error for the j™ neuron of layer [, for the m™ training sample.
Update for weight from unit i of layer /-/ to the unit j of layer /.
Update for bias for unit j of layer /.
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Introduction

Key Equations

Feed Forward from Layer i to j:

Feed Forward from Layer j to k:

Back Propagation from Layer j to i:

Back Propagation from Layer k to j:

Weight and Bias Corrections for layer j:

Network Update Formulas:
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Artificial Neural Networks

Artificial Neural Networks, also referred to as ‘“Multi-layer Perceptrons”, are
computational structures composed a weighted sums of “neural” units. Each neural
unit is composed of a weighted sum of input units, followed by a non-linear decision
function.

The simplest possible neural network is composed of a single neuron.

f(z)
—> a=f(z)

A “neuron” is a computational unit that integrates information from a vector of
features, X, to compute the likelihood of an activation, a. The neuron is composed of
a weighted sum of input values z=wx, +w,x, +..+wyx,+b  followed by a non-
linear “activation” function, f(z)

a=f(w' X+b)

Many different activation functions may be used.

A popular choice for activation function is the sigmoid: o(z)=

—
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The sigmoid is useful because the derivative is:

The softmax function is used to select the maximum from a vector of activations.
For K classes:

e
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Softmax is interesting because the result is a vector of probabilities.

f(zk) =



Artificial Neural Networks

Another popular decision functions include the hyperbolic tangent
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The hyperbolic Tangent: f(z) = tanh(z) =

M =1-tanh’(z)
0z

ReLU: Rectified Linear Unit
The rectified linear function is popular for deep learning because of a trivial
derivative: relu(z) = max(0,z)
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f(z)—{ N
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While Relu is discontinuous at z=0, for z > 0: 1

Leaky ReLU
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The Multilayer Neural Network model

A neural network is a multi-layer assembly of neurons. For example, this is a 2-layer
network:

+1

The circles labeled +1 are the bias terms.
The circles on the left are the input terms. Some authors, notably in the Stanford
tutorials, refer to this as Level 1.

We will NOT refer to this as a level (or, if necessary, level L=0).

The rightmost circle is the output layer, also called L.

The circles in the middle are referred to as a “hidden layer”. In this example there is
a single hidden layer and the total number of layers is L=2.

The parameters carry a superscript, referring to their layer.
We will use the following notation:

L The number of layers (Layers of non-linear activations).

[ The layer index. [ ranges from O (input layer) to L (output layer)
N The number of units in layer . N”=D

al The activation output of the /™ neuron of the I" layer.

w The weight from the unit i of layer /-1 for the unit j of layer /.
b The bias term for j* unit of the /" layer

f(z) A non-linear activation function, such as a sigmoid, relu or tanh.

For example: «” is the activation output of the first neuron of the second layer.
W, is the weight for neuron 1 from the first level to neuron 3 in the second level.

The above network would be described by:
G = FOX, 48X, X, 45
) = FOX, WX, X, 450
ay’ = fwi X, +wiy X, + wi X, +b5")

2) _ 2) @ 2) @) 2) (@) 2)
a,” = f(wya” +wy'a,” +wya; +b™)
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This can be generalized to multiple layers. For example for 3 layers:

l

—~(3)

| =
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a'” is the vector of network outputs (one for each class) at the third layer.

Each unit of a multi-layer network is defined as follows:

The notation for a multi-layer network is
da® =X istheinputlayer. =X,
[ 1is the current layer under discussion.
N is the number of activation units in layer . N =D
i,j,k Unit indices for layers [-1, [ and [+1: i—j—k
w( is the weight for the unit i of layer /-1 feeding to unit j of layer /.
a\" is the activation output of the j" unit of the layer [
b" the bias term feeding to unit j of layer /.

NU-D

2 = waj’)ajl‘” +b'" is the weighted input to j” unit of layer /
i=1

f(z) 1is a non-linear decision function, such as a sigmoid, tanh(), or soft-max
a!’ = f(z'") is the activation output for the j* unit of layer [

For layer [ this gives:
N U-D

ND
0 _ 0, (-1 , 11 W _ 040D 4 D
2 = EWU a;” +Db; a —f( szj a; " +b; ]
i=1 =l

and then for [+1 :
N®

N(l)
(1+1) (I+1) (1) (1+1) I+ _ (I+1) (1) (I1+1)
% =ijk a; +b, a, —f(zwjk a +b, )
j=1 Jj=l



Artificial Neural Networks

It can be more convenient to represent the network using vectors:

[0 ()

g a,
) ()
Z a
—(l 2 —(l 2
70 |72 L
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ZNI aNl

and to write the weights and bias at each level 1 as a k by j Matrix,

) (O] () l
Wll cee wli . W]]\/“") bl
! ) (1) ) 7 !
W( ) = le e le e WjN(l—l) b( ) = bi
O] ) (O] [
WN(I)l WN(”i WN(I)N(I—I) bN(I—l)

(note: To respect matrix notation, we have reversed the order of 1 and j in the
subscripts. )

We can see that the weights are a 3™ order Tensor or vector of matrices, with one
matrix for each layer, The biases are a matrix (vector of vectors) with a vector for
each level.

Z(l) - W(l)(-i(l—l) +B(1) and a(l) - f(Z(l)) = f(W(l)Zl'(l—l) +l;(l))

We can assemble the set of matrices W® into an 3rd order Tensor (Vector of
matrices), W, and represent a”, 7 and »" as matrices (vectors of vectors): A, Z,
B.

Initializing the weights

How do we initialize the weights? The obvious answer is to initialize all the weights
to 0. However, if the parameters all start with identical values, then the algorithm
will end up learning the same value for all parameters. To avoid this, the parameters
should be initialized with small random variables that are near 0, for example
computed with a normal density with variance ¢ (typically 0.01).

ij;f>=ﬂ\f(X;O,s) and Vl’bj‘.”=ﬂ\f(X;O,g) where N is a sample from a normal
1,] J

density.

An initialization algorithm is provided by Xavier GLORIOT’s technique (see course
web site for a paper on Xavier normalization).
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Backpropagation
The weights and biases (parameters) of the network are learned with Back-

propagation. Back propagation is a distributed parallel algorithm for computing
gradient descent. Back-propagation adjusts the network the weights w’ and biases

b” 5o as to minimize an error function between the network output a, and the target
valuey, for the M training samples {X,}, {7,}.

Back-propagation propagates the error term back through the layers, using the
weights.  We will present this for individual training samples. The algorithm can
easily be generalized to learning from sets of training samples (Batch mode).

Given a training sample, X

m?

we first propagate the X, through the L layers of the
network (Forward propagation) to obtain an output activation a".

We then compute an error term. In the case, of a multi-class network, this is a vector,
with k components, one output for each hypothesis. In this case the indicator vector
would be a vector, with one component for each possible class:

oy =(ay’ -y,) orforeachclassk: &% =(a’) -y,,)

To keep things simple, let us consider the case of a two class network, so that §2",
nX,), al”,and y, are scalars. The results are easily generalized to vectors for multi-

m 0

class networks.
For a single neuron, at the output layer, the “error” for each training sample is:
8" = (e =)

The error term §°“is the total error for the whole network for sample m. This error is
used to compute an error for the weights that activate the neuron:

m &Z

out
(Sl’l’l
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This correction is then used to determine a correction term for the weights:

Aw,,, =x,0

m

Backpropagation can be generalized for multiple neurons (j=I to N') at multiple
layers (I=1to L). The error term for unit j at layer L is:

)
6(L) _ af(z] )6014[
jm 0 m
8zj

For the hidden units in layers / < L the error &, is based on a weighted average of the

error terms for §{".

(1) N[+1
Q) _MEW(“DCS(HI)
jm (?Z(-I) Jjk kn

J k=1

0

We compute error terms, 8 for each unit j in layer / back to layer /-] using the sum

of errors times the corresponding weights times the derivative of the activation

function. This error term tells how much the unit j was responsible for differences
between the activation of the network a(x,;w',b\") and the target value 3, .

the derivative is:

-z

. . C . . 1
For the sigmoid activation function, o(z) = "

+e
do(2)
dz

=0(2)(1-0(2)

N(I+l)

O] O 1 1 . ) O ) (+1) S(I+1)

For 4}’ = f(z”) this gives: 8, =a;, (-aj,): ij,j O
k=1

This error term can then used to correct the weights and bias terms leading from layer
j to layer i.

M _ =D
Awij,m =a 6j,m
B, = 80

j.m j.m

Note that the corrections Aw!) and Ab\" are NOT applied until after the error has

ijm Jjam

propagated all the way back to layer /=1, and that when /=1, a” =x,.

10
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For “batch learning”, the corrections terms, Aw)) and Ab{) are averaged over M

samples of the training data and then only an average correction is applied to the
weights.

ij.m J

M M
Awll = iEAw“) AL = iEAb@
’ M m=1 M m=1 "

then

0 D _ A O D _ o  ApD
wy <= wp =n-Aw; b < b —n-Ab;

ij ij
where 7 is the learning rate.

A common problem with gradient descent is that the loss function can have local
minimum. This problem can be minimized by regularization. A popular
regularization technique for back propagation is to use “momentum”

O] (O]

AD
wy <= wp =1 Aw

i

b b —n- MDD + b

ap®
+ e w

where the terms u-w!” and u-b" serves to stabilize the estimation.

The back-propagation algorithm may be continued until all training data has been
used. For batch training, the algorithm may be repeated until all error terms, 8¢ , are

jm 2

a less than a threshold.

11
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Derivation of Backpropagation

To derive the backpropagation equations, consider a simple 2 layer network with 1
neuron at each level that maps a scalar feature, x, to a activation a'®.

1 1 2
X — w0 g w?® 2o 5

p 1@ p>  f(@*)

/ e

+1 +1

The network equations are

70 = Dy 4 pO

a® = Fz") = FwPx + D)
7@ = @iy p®

a? = f(Z?) = Fw@a® +b?)

This network has 4 parameters

W(l)

b(l)

w(2)

b(2)

3
Il

The “cost”, C, of the error of the network for using the parameters
to discriminate the a training vector, x, with ground truth, y, is:

- 3la=)

Where we have multiplied by "1/2" to simplify the algebra.

The gradient of the cost with respect to each of the parameters in w
tells us how much each parameter contributed to the error.

12
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For our 2 layer network.

aC YR v
aw"
aC Aw? Aw?® Aw®
ve € B0 ApD &——— 7Y q" le————- 7P0a® €«—VC
T = @)
™ ji) i:m Ay Ab®?
w 1 2
s FGE) £E)
b

To evaluate these derivatives we use the chain rule. For example the derivative with
of the cost with respect to the weight of the second neuron, w is

aC _ dC da? 9z%

_ . _ 2)
o"w(z)_o"a(z) az* ow® Aw

aa(z)
az?®

9z% aC
[his can be seen graphically as: el P
. @ w da
AwPe " DV g

f(@?)
The derivative with respect to »® is:
oC _ oC . o"a(z) . &Z(z) =Ab(2)
ab?  9a® 3z% b
da”®
Fra)
aC
This can be seen graphically as: | a® 9a”
az?
b
f(@?)

AD?

We can simplify the notation by defining an error term for each neuron.

0C

Let 3 - (a3} -2,
a

be the error for the error for the network for training sample

x with ground truth indicator y.

@) @)
The error term for 2nd neural unit is oY = (da— . 6(”“”) = (af (z ) -6“’”’))

7% g

13
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) ) ) o B
with this notation Aw _(aa(” 77 | T =

JC 'aa@))_aé” 2

(2) 2 @ ()
Reordering the terms and noting that oz _dwia +b)_

aw(Z) aw(z)
af(z?)
a7
1 (2) 1) . g(2) 5(2) (out)
gives: Aw” =a"’-98 An® = 5@ .0 €— 7| 4@
f@?)

Similarly for the bias term for the 2nd neural unit: Ab*® =
da® 37> ) b

o aa(”)_ 9z

(?Z(z) _ (?(W(z)a(l)+b(2)) _

Noting that PO pay
af (z?)
aZ(Z)
. (out)
We obtain: Ab? =§? @) ®)le—
5(2)
fiz*)

AD?

@)
_ 52,92
ab?

14
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For the next layer we continue the same process recursively

f ") af(z?)

az(l) aZ(Z)

5(1) 5(2) 5(out) aC
I X m|,m W, @, —_—
AV €E— V¢V €——— 77" €— 0a®

fiz") fi@*)

The derivative of the cost with respect to w is:

Ay = € _[9C 9a®) (92)) (9a) 3z
v Cow® 9a® 9z% ) \aa® ) 9z ) ow®

Substituting (‘?C ‘?a(z))=5<2> gives Awm=5<z>,(&z‘2))_(é’a”) 9z
a

9a® ' 972 9a® | | 970 .aw“)

0';Z(2) _ O'J(W(2)a(1)+b(2)) ~

Substituting a0 da

: da™\ 9z
w? gives Aw(”=6(2)‘w(2)-( :

gz" ) aw'

o M M M
Substituting &al _If (Zl ) gives  Aw® = 52 .. 9f (z1 ). o7z1
a7\ a7V 970 D

é)w(l) dW(l) az(l)

W m )
Substituting (071 )=3(W x +b")

=x gives Aw" =(6(2’ W

), df(Z(l))) "X

We define the error term for level 1 as 6" = (5(2) W

. df(z(”))

2

Rearranging the terms gives: Aw®" =x-5"

15
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Similarly for the correction factor of 5"
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97" 9z?®
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. . oC O7a(2) 2) 1 2) aZ(Z) é)a(l) é)Z(l)
Substituting (aa(z)-m)=5 gives A"V =96 '&a(“ . 0 'ab(”

@ @), 3@
Substituting (’92 )=&(W @ +b7)_

2) o1 M _ §2),,,,2),
o o w gives Ab=06"w (

aau)) 9z

da az" ) op™?

) ) 0 o
Substituting da_ _df(z7) gives ApD = |52 .. 9@ [ 9z
az" a7 PR

(O] @ @ @
noting that gz |_ 9w x +b ) | and substituting 8% = 52 . 9 E0)

Gives: ALY ="

General formula for the error term

(L) (L) (I+1) )
In general, the chain rule oC _ 9C da— oz Jz da

aw(”_&a(“ 7" ga't™" da”  ow"

Provides a recursive formula for each neural unit:

50 = [ﬂf(zm) D .(af(z(i“)) D) .(._._(3f(Z(L)) .5(0141)))))

é)z(l) 07Z(l+l)

Giving a simple formula for adjusting the values of weights and biases

AW =a"5" and A" =5
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Formula for multiple activations

In the case where there are N neural units at level [+/,
the error at level [ is the weighted sum of the errors at level [+1.

I
af(z")
()
9z 6(l+1)
m l/
! N l (I+1)
50 = ﬂf(Z() E 1+1 6(1+1) o / )
1 +
( : k=1 (I-1) 0 [GIN0) E (l+1) 6
a —w’'—>Z |a >

AN

b(l) f(Z([)) WN 6(l+1)

g N



Artificial Neural Networks

Summary of Backpropagation
The Back-propagation algorithm can be summarized as:

1) Initialize the network and a set of correction vectors:

vjw;? =N (X;0,¢)
1,]

ij‘.” =N (X;0.¢)
V AW =0

ijl

VALY =0
il 7

where N is a sample from a normal density, and ¢ is a small value.

2) For each training sample, X, , propagate X  through the network (forward
propagation) to obtain a network activation «'”. Compute the error and propagate
this back through the network:

a) Compute the network error term: §2“ = (afn“ - ym)

af ("
b) Compute the error term at Layer L: 6" = %6:’"‘”
<)

Dy N
af(zj ) E (/+1)5(/+1)
PRO Wik Orm

J k=1

c) Propagate the error back from [=L-1 tol=1: &) =

d) Use the error at each layer to set a vector of correction weights.

A = a8 ABD, = &0

ij.m J.m jm

3) For all layers, [=1 to L, update the weights and bias using a learning rate, n

O] O]

R0)
wy = wp =1 Aw

ij,m

B < b — - ABD 411 b

D
+ W

Note that this last step can be done with an average correction matrix obtained from
many training samples (Batch mode), providing a more efficient algorithm.
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