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The Normal Probability Density Function Séance 14

Notation
X a variable
X a random variable (unpredictable value)
\Y% The number of possible values for X (Can be infinite).
X A vector of D variables.
X A vector of D random variables.
D The number of dimensions for the vector ¥ or X
E An observation. An event.
C, The class k
k Class index
K Total number of classes
Wk The statement (assertion) that E € Ck
P(wk) =P(E €Cxk) Probability that the observation E is a member of the class k.
Nk Number of examples for the class k.
N Total number of examples.
K
N=YN,
k=1
{x*} A set of N, examples for the class k.
{X,3= U {X;}
k=1,K
P(X) Probability density function for X
p(X) Probability density function for X
p(X | wg) Probability density for X the class k. wx =E & Ck.
h(x) A histogram of random values for the feature X.
h (x) A histogram of random values for the feature X for the class k.
K
h(x) = Yy (x)
k=1
Q Number of cells in h(X). Q =VD
d Val [\
Expected Value: E{X 1 =—VX
X} NE )
_ 1 g =\Ts-loj_ =
Gaussian or Normal Density: N(X;ﬁ, 2)= > € PR

(27)? det(2)?
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Probability Density Functions

The alternative to a non-parametric representation is to use a function to represent
p(Xlw,) and p(X). Such a function is referred to as a “Probability Density Function”
or PDF. Note that we use upper case for probabilities and lower case for functions.
P(w) is a value. p(X) is a function.

A probability density function of a continuous random variable is a function that

describes the relative likelihood for this random variable to occur at a given point in
the observation space. "Likelihood" is a relative measure of belief or certainty.

Note that likelihood is not probability. We will use "likelihood" to determine the
most likely parameters for parametric models of probability density functions. To do
this, we first need to define probability density functions.

A probability density function, p( X ), is a function of a continuous variable or vector,
X €R”, of random variables such that :

1) X is a vector of D real valued random variables with values between [—%, ]

2 [pH-1

Note that, p(X)is NOT a number but a continuous function. To obtain a probability
we must integrate over some volume V of the D dimensional feature space.

P(X€V)= [ p(X)dX

This integral gives a number that can be used as a probability.

In the case of D=1, the probability that X is within the interval [A, B] is
B
P(X €[A,B]) = [ p(x)dx
A

p(X1w,)

Consider P(w, 1X)= P(w,)

While p(X) and p(Xlw,) are NOT numbers, their ratio IS a number.

The ratio of two pdf's gives a probability value!
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The Univariate Normal Density Function

Whenever a random variable is determined by a sequence of independent random
events, the outcome will be a Normal or Gaussian density function. This is
demonstrated by the Central Limit Theorem. The essence of the derivation is that
repeated convolution of any finite density function will tend asymptotically to a
Gaussian (or normal) function.

(X-w’
202

p(X)=N (X;u,0)=

1
—
\2no

N(x; u, 0)

The parameters of Mx; u, o) are the first and second moments, ¢ and o of the

function.

According to the Central Limit theorem., for any real density p(X) :

as N —o p(X)*N - (X,' u, G)

Mx; u, o) is composed of 3 parts:

1 (X-p)?
1) e 2) o 3) " 267

The parameters of Mx; u, o) are the first and second moments.

1) Eulers Number "e"
e=2.7818281828...

e is an irrational and transcendental constant approximately equal to 2.718281828....
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Sometimes referred to as Euler's Number, e has many useful properties.
For use in the Normal density, e simplifies the algebra.

f e'dx=¢e"
2) a normalization factor:

1
1s a normalization factor
\2wo

(x-w)’

2:rco=j.€_ 20° dx

3) The Mahalanobis distance. This is where the action is.

(x-p)*

2
d(x,u;0) = By

This is the difference between x and w normalized by the o.
The normal density is e to the negative power of a distance.

To better understand, we need to talk about expected values, and moments.

Expected Values and Moments
The average value is the first moment of the samples

For M samples of a numerical feature value {X }, the "expected value" E{X} is
defined as the average or the mean:

E{X}=%2Xm

m=1

u, = E{X} 1is the first moment (or center of gravity) of the values of {X_}.
u, = E{X} 1s also the first moment (or center of gravity) of the resulting pdf.

E{X)} = %EX,” - }p(x)' x dx
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The Normal Probability Density Function Séance 14

This is also true for histograms.
Suppose that the feature, X, is an integer with values from [1, V].

We build the histogram as before: Vn=1, N : h((x ) := h(x ) + I;
The mass of the histogram is N

N= ih(x)

N is also the number of samples used to compute h(x).
The expected value of {X,} is the 1st moment of h(x).

1 - 1 -
=F{X Y=—>Y»X =— ) h(x):
w=E{X,} NE N;(x)x

The same is true for the variance
The variance is the expected square of the deviation from the average

0" = E{(X - )’} = E{X"} - u’ = E{X*} - E{X}’

This is also the second moment of the pdf
2 2 1 < 2 ( 2
0 = E{(X )"y = X (X, ~ )" = [ plx): (x—pt )’ dx
n=1 —o
and the second moment of a histogram for discrete features.

1 < 1
0% = E{(X ~E{X})'} = D (X, ~)* == P h(x)-(x —0)’
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Incremental Estimation of a Gaussian

It is possible to incrementally estimate the parameters for a Normal Density, as new
data arrives. For this we need to have the number of observations, N, used for the
prior estimate. The new observation is taken as the N+1 sample.

Updating the mean
N

1
luN =y Xn

N
(N+Duy,, =Xy, + EXn =Nuy + Xy,

n=1

1
=—F-(N, X
(N+1)( Uy +Xy,1)

Updating the Variance

1 - 1 <
0l = E{X}}-E{X,}’=— Y X2 ~(— Y X,)’
Nn=l Nn=l
1 N
Substitute — Y X =
N; n AU“N
o2 =i§X2_M2
N Nn=1 n N

1 N
2 2 E: 2
ON+AU“N__ S(n
Nn=l

N
N(oy +u3)= ) X;

n=1

by analogy

N
(N+1)(0%, + 1) =, XD+ X2,

n=1

N
Substitute EXz =N(o} +uy)

n=1
(N+1)(012V+1 +Au‘12\7+1) = N(Olzv +M12V)+X]%/+l
_N(oy+u)+ X5,

012\/+1+M]2\/+l_ N +1
2 =N(0§+M§)+X§+1_ 2
N+1 N+1 N+1
or
N
012V+1 = N+1(012\/+M12\/)+N+1X12V+1 _Au‘12\7+1
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Combining Multiple Density Functions.

We can use a similar formulat to combine (or average) two Gaussian densities

M; uy, 0g) estimated from N, observations and

M; U, 0,) estimated from N, observations.

1 Ny 1 N,
We note that : —— ) x® -~ T'x®
w= X, By El :

note (1) and (2) are indices and we do not need to know that actual sample sets.
We will simply use the formula for the derivation.

1 n=1

Nuy =) X

n
n=1

Nl NZ
(N +Nuy = Y X0+ Y X2 = Ny, + Ny

n=1 n=1
SO
_ Ny, +N,u,
us =
N, +N,
Variance:

1 < 1 <
o' = E{X}}-E{X,}’ =— Y X} ~( ) X,)’
Nn=1 Nn=l
1 N
2 2 2
o'=—>X, -
NE -

N
N(o? +u2)=EXf

n=1

Ny(o] +1))= Y X" Ny (07 + 1) = ), X"
n=1 n=1

N3 Nl NZ
Ny, +1) = X) = (X P+ (Y X
n=1 n=1

n=1

N
Substitute N(o”+u’)= Y X;

n=1

Ny(0y, +uy ) =N(0] +u})+ N,(03 + ;)

N N
Oy, + Uy, =V‘(012 +M12)+V2(a§ +u3)
3 3
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N N
Oy, +liy, = (07 +u))+—2(0; + uy)

N, N,
N N
2 2 i 2, .2 2 2, .2
oy +U, = ol +u)+ .+
N, TUN, N1+N2( L) N1+N2( > +HUy)
N N
2 i 2, .2 2 2, .2 2
oL = ol +ul)+ o +u)—-
N, N1+N2( P N1+N2( > HUy) Uy,

We can use this for the case where each observation has some intrinsic imprecision.
The observation feature is represented as a Gaussian,
centered on x(, with precision O,,.

E: MX; X0, Op)
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Biased and Unbiased Variance

Note that this is a "Biased" variance. The unbiased variance would be
1 N
~2 4 X —u)
Gt E( L~ 1)

If we draw a random sample {Xn} of N random variables from a Normal density
with parameters (u, o)

{X,} <N (x;u,6)
Then we compute the moments, we obtain.
1 N
u=E{X}=—YX,
N n=1
and
1 N
) 2 ~2 A2
o'=—>Y(X - Where 6°=——6
N;< L~ 1) Nl
Note the notation: ~ means "true", A means estimated.

The expectation underestimates the variance by 1/N.

The RMS error for estimating p(X) from N samples {X,} is the difference between a
biased and unbiased error.
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Multivariate Normal Density Functions

1 Lxoay s x-m

p(X)=N (Xifi, 5)=——F €
(2m)? det(2)?

as with univariate, there are 3 parts to N (X;ji, 2):

.2 | A
1 e and d(X;u,2) =-5(X-u) 2 (X-u

(27m)? det(2)?

1) e=2.7818281828...

D 1
2) Theterm  (2m)2 det(Z)? is a normalization factor.

L s (X b 1
[[.fe? """ " axdx,.dx, = 2n)? det(E )?

The determinant, det(2) is an operation that gives the volume of 2.

forp=2 det(D) = abocd
for D=3 det ( g 2 ﬁ] = a-det (ﬁ f) + b-det (f d) + ¢ det (d ﬁ)
ghi g g

= a(ei-th)+ b(fg-id)+ c(dh-eg)
for D > 3 this continues recursively.

3) The Mahalanobis distance. This is where the action is.
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The Multivariate Mahalanobis Distance

The exponent of N (X;ji, =) is known as the "Distance of Mahalanobis".

.2 | AT
d(X;u,2) =-5(X-u) 2 (X-u

This is a distance normalized by the covariance. It is positive and quadratic (2nd

order).

The covariance is said to provide the distance metric. This is very useful when the
components of X have different units.

When an observation is described by D features, the training set {X } an be used to
calculate an average feature i

W E{X,}
ol (M| |E{X)
EXy= 2 %= "=

Up E{X,}

i, 1s the center of gravity (first moment) of the pdf. This is the vector of averages for
the components, X, of X

=E{X,}=— EXM ff fp(xl,xz, Xp) X, dx,,dx,,...,dx,

—00 —00 —00

If the features are mapped onto integers from [1, V] {X }—{¥ } we can build a
multi-dimensional histogram using a D dimensional table:

Vn=1,N:h(,)< h@,)+1

As before the average feature vector, ji, is the center of gravity (first moment) of the
histogram.

N

1 1 L& Y 1 &
:ud=E{vd}=NEvdn_ﬁEE Eh(VI’VZ""’vD)'Vd=N;h(§)'vd=ud

n=1 x=lx,=1  xp=1
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The Normal Probability Density Function Séance 14
1 \4
— > h(V)v
N% 1 u,
. 1 < 1S 1 =Y. u
M=E{vd}=ﬁzvdlz=ﬁzh(")"’d= N;h(\/) v, [_| M
=1 oo

Up

L
— N hi)-
N; ) Vb

E{X,} W,
. . |EXY
In either case: fi=E{X}= S
EXXpy) \up
For D dimensions, the second moment is a co-variance matrix composed of D? terms:

N

1
0% = E{(X, — )X, — )} = X (X, )X, — 1))

n=1
This i1s often written

2= E{(X - E{X})(X - E{X})"}

and gives
2 2 2
Oll 012 O'lD
2 2 2
s Oy Opn O2p
2 2 2
GDI GDZ ODD

This provides the parameters for

1 Lxoay s x-m

p(X)=NX:i.5)=——F €
(2m)? det(2)?

The result can be visualized by looking at the equi-probably contours.
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Ellipses for 99%, 95%, 90%, 75%, 50%, and 20% of the mass

If x; and x; are statistically independent, then Oij2 =0

2
ij °
2
ij °

For positive values of 0,7, x; and x; vary together.

For negative values of o;, X; and x; vary in opposite directions.

For example, consider features x, = height (m) and x, = weight (kg)

In most people height and weight vary together and so o,,> would be positive

14-14



The Normal Probability Density Function Séance 14
Linear Transforms of the Normal Multivariate Density

The Normal (Gaussian) function is a defined only by its moments.

It 1s thus invariant to transformations of its moments, that is affine transformations.

The affine transformations include rotation, translation, scale changes and other
linear transformations.

For example consider a cosine vector R, such that | RIl =1

cos(a,)
B cos(a,)

cos(a,,)
A vector X may be projected into a space Y by
Y=R'X
The Normal (Gaussian) function is defined only by its moments.
It is thus invariant to affine transformations of its moments.

The affine transformations include all linear transformations such as rotation,
translation, scale changes and sheer.

For a projection onto a 1D vector Y,RisDx1: Y=R'X
— T — —

=T
My=RM)(, 0y2=RZXR

Note that for the Covariance, projection requires pre- and post- multiplication by R.
We can demonstrate this with a linear algebraic expression of the moments.
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Linear Algebraic Form for Moment Calculation

Calculation of the mean and covariance are often expressed using linear algebra.
Such expressions are widely used in machine learning.

As before, assume a set of M training examples {X,}

U, E{X\}
) - 1 N N Mz E{XZ}

Recall M—E{X}—N;X_ N
Up E{Xp}

We can compose a matrix with M columns and D rows from {X__}.

o iz et N
21 f22 e AN : : - 1
X= Let us define the unit vector : i =|.
*p1 *p2 - *DN 1
‘ul qmoam e a1
Then ji= ol "2 "2 o oy 1 X0
HUp *pt *p2 -+ DN 1

Let us define V=X -E{X}=X —-ji.

We can compose a matrix with N columns and D rows from {V_}.

Yii Vi Vin
Ve Vo Vo Van
Vpi Vb2 VN
From this: > =E{VV"} can be computed as a vector product.

2=V V' isa D x D matrix that captures the "co-variance" of the elements of 1,j of
the vector X in {X_ }

This can be seen as
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2X=VVT=‘ SR = - < < < ..

Note that we can also write ZN = V'V ofsize NxN.

We can use this to show that projection of a covariance requires pre and post
multiplication:

Note que (RTV)T = (VTI_é)

Thus 2, =(R'V)R'V)
2, =(R'V)V'R)
=, =R"(VW)R
3, =R'S,R

Thus projection of a covariance requires pre and post multiplication by R.
In the case of projection to a 1D vector Y:

—

0, =R'Z\R

)
(D

14-17



